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We show that stimulated Raman adiabatic passage (STIRAP) and its superadiabatic version
(saSTIRAP) have a natural geometric two-star representation on the Majorana sphere. In the case
of STIRAP, we find that the evolution is confined to a vertical plane. A faster evolution can be
achieved in the saSTIRAP protocol, which employs a counterdiabatic Hamiltonian to nullify the non-
adiabatic excitations. We observe how, under realistic experimental parameters, the counterdiabatic
term corrects the trajectory of the Majorana stars toward the dark state. We also introduce a spin-
1 average vector and present its evolution during the two processes. We show that the Majorana
representation can be used as a sensitive tool for the detection of process errors due to ac Stark
shifts and non-adiabatic transitions.
I. INTRODUCTION
Geometric representations play a key role in modern
quantum information science. As far as the dynamics
of quantum states is concerned, they may be used as
a probe to look into various processes and develop in-
tuitive ideas. For a spin-1/2, the mapping of states to
the two-dimensional Bloch sphere is a well-known result
dating back to the early work of Bloch and Rabi [1], a
representation which is ubiquitously used nowadays for
visualizing the states of qubits [2]. Clearly, for higher-
dimensional Hilbert spaces this is a non-trivial task [3].
Majorana’s key insight from 1932 [4] was to represent
these states as a “constellation” of several points (Ma-
jorana stars). According to this idea, a pure state of a
particle with spin ‘s’ is represented by ‘2s’ points on a
unit sphere [4].
This concept has been proved useful in various exper-
imental contexts, such as for representing states of po-
larization of light [5], for characterizing the symmetry
of the order parameter in spinor Bose-Einstein conden-
sates [6, 7], and for the decomposition of quantum gates
used in nuclear magnetic resonance into experimentally
implementable pulses [8]. In theoretical quantum infor-
mation, the Majorana representation has enabled the ge-
ometric study of symmetric multi-qubit states [9, 10], the
construction of geometrically mutually unbiased bases
and symmetric informationally complete positive oper-
ator valued measures [11], the study of Berry phases
[12, 13], and the classification of high-dimensional entan-
glement [10, 14, 15]. It has also inspired the search for
alternative geometric representations of quantum states
[16–21].
Our goal in this paper is to obtain and study the
Majorana representation of single-qutrit dynamics for
the stimulated Raman adiabatic passage (STIRAP) and
for its superadiabatic version (saSTIRAP). STIRAP is
a well-known protocol [22, 23], widely used to perform
∗ shruti.dogra@aalto.fi
certain non-trivial quantum operations such as laser-
induced population exchange between the energy levels
of atoms and molecules. In circuit quantum electrody-
namics, the protocol for STIRAP pulses was first bench-
marked in Ref. [24], where it was experimentally real-
ized using the first three energy levels of a transmon,
and demonstrating population exchange between the en-
ergy levels using microwave fields. With the emergence
of more and more controllable multilevel systems, and
stimulated by research into quantum technologies, the
applications of STIRAP are likely to expand [25].
However, adiabaticity requires ideally infinitely long
operation times, and therefore for realistic finite-time ex-
perimental conditions one expects a trade-off between
time and fidelity. It is possible to accelerate STIRAP
without loss of fidelity by the use of an additional drive
(referred to as counterdiabatic) which exactly cancels the
non-adiabatic excitations [26–29]. This superadiabatic
drive, also known as transitionless driving or assisted adi-
abatic passage has recently been experimentally imple-
mented in superconducting transmons [30]. The supera-
diabatic STIRAP is a specific form of quantum control
from the larger class of shortcuts to adiabaticity [31],
which have found a wide variety of applications, for ex-
ample in electron transfer in quantum dots [32], state
transfer in nitrogen vacancy centers [33], for the design
of fast and error-resistant single-qubit [34] and two-qubit
[35] gates, and for the quantum simulation of spin sys-
tems [36]. Here we show that the dynamics induced by
the counterdiabatic correction applied to the STIRAP
protocol has a very intuitive picture when represented
geometrically, as it brings the Majorana stars closer to
the path of the dark state.
The paper is organized as follows. We begin with a
brief introduction to the Majorana representation for a
qutrit, see Section II. Section III briefly describes STI-
RAP, followed by the corresponding dark-state dynamics
on the Majorana sphere in Section IV. Further, the su-
peradiabatic protocol is discussed in Section V and the
corresponding dynamics is analysed in detail. Results
from various simulations with experimentally feasible pa-
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2rameters are presented as well, followed by concluding
remarks in Section VI.
II. MAJORANA REPRESENTATION
In 1932 Ettore Majorana introduced a representation
of states with any angular momentum, as a starting point
of his solution to the problem of atoms in a magnetic
field [4]. Consider the standard basis {|jm〉} of angu-
lar momentum states, where j and m are the quan-
tum numbers of the total angular momentum and its
z-axis component. Specifically, Jz|jm〉 = ~m|jm〉 and
J2|jm〉 = ~j(j + 1)|jm〉. The Majorana polynomial
appears naturally when the spin-coherent representa-
tion of angular momentum states is considered. Writing
J = Jxeˆx+Jyeˆy +Jzeˆz, where eˆx,y,z are the unit vectors
along the axes, we notice that the average of the angu-
lar momentum operator in the state |jj〉 equals the total
angular momentum ~j, 〈jj|J|jj〉 = ~jeˆz. We can obtain
a vector with the same property but oriented along an
arbitrary direction nˆ by an appropriate rotation of |jj〉,
|j, nˆ〉 = e−iϕJz/~e−iθJy/~|jj〉, (1)
which define a spin-coherent state. Here the angles θ
and φ define the spherical parametrization of nˆ as nˆ =
(cosϕ sin θ, sinϕ sin θ, cos θ). By using Wigner’s rotation
matrices, we can expand |j, nˆ〉 in the |jm〉 basis,
|j, nˆ〉 =
j∑
m=−j
√
(2j)!
(j +m)!(j −m)!
(
cos
θ
2
)j+m(
sin
θ
2
)j−m
× e−imϕ|jm〉 (2)
Now, given a general state
|Ψ〉 =
j∑
m=−j
cm|jm〉, (3)
where cm are complex amplitude probabilities normalized
as
∑j
m=−j |cm|2 = 1, the complex amplitude probability
for transitions to the spin-coherent state oriented along
−nˆ can be obtained as
〈j,−nˆ|ψ〉 =
√
(2j)!(−1)je−ijϕP|ψ〉(ζ) (4)
where we define the Majorana polynomial using the same
notations as in the original paper [4],
P|ψ〉(ζ) =
2j∑
r=0
arζ
2j−r, (5)
in the complex variable ζ = tan θ2e
iϕ. The relation be-
tween the coefficients of the polynomial and the complex
amplitudes of the state is
ar =
(−1)r√
(2j − r)!r!cj−r. (6)
Applying the fundamental theorem of algebra, it follows
that P|ψ〉(ζ) has 2j roots, which correspond to points in
the complex xOy plane.
Next, we notice that if we represent these roots by the
angles θ and ϕ as above, the roots can be represented
by an inverse stereographic projection on the Riemann
sphere, with respect to the South Pole as the reference.
It is straightforward to prove geometrically that a line
that connects the South Pole with a point ζ = tan θ2e
iϕ
in the xOy plane will intersect the unit sphere at a point
with spherical coordinates (θ, ϕ). This unique configura-
tion of 2j Majorana stars is invariant under rotations and
achieves a geometrical representation of |Ψs〉 called Ma-
jorana constellation. For instance, (θ = pi/2, ϕ = 0) is a
Majorana star on the South Pole and a point at infinity
in the complex plane, while (θ = 0, ϕ = 0) is a Majorana
star placed at the North Pole and corresponds to the cen-
ter of the complex plane. The Majorana representation
of the state |jm〉 consists of j+m stars at the North Pole
and j−m stars at the South Pole. Also, for a general state
of a spin-1/2, cos(θ/2)|1/2, 1/2〉+ sin(θ/2)eiϕ|1/2,−1/2〉
one could verify immediately that we recover the stan-
dard Bloch representation, namely that the Majorana
star is a point on the Bloch sphere, with spherical coor-
dinates (θ, ϕ).
Now we can introduce the geometrical picture of a
qutrit (s = 1), which is a three level quantum system
- thus its Majorana geometrical representation consists
of two Majorana stars. An arbitrary state of a qutrit in
the computational basis {|0〉, |1〉, |2〉} is given by
|Ψ〉 = C0|0〉+ C1|1〉+ C2|2〉, (7)
where |0〉, |1〉, and |2〉 is the computational bases for
a single-qutrit with complex coefficients C0, C1, and C2
respectively. The second-degree Majorana polynomial
P|φ〉(ζ) = a0ζ2 + a1ζ + a2 associated with the state
of a qutrit is obtained by identifying the j = 1 ba-
sis |jm〉 (m = −1, 0, 1) with the computational basis,
|1m〉 = |1 − m〉, and the coefficients are obtained from
Eq. (6) as a2 = C2/
√
2, a1 = −C1, and a0 = C0/
√
2.
For the state |0〉 both Majorana points lie on the North
Pole, |2〉 has both points lying on the South Pole, while
|1〉 is represented by one point on the North Pole and
another point on the South Pole. We define the distance
between two Majorana points as η = cos−1(Sˆ1.Sˆ2) =
cos−1[sin θ1 sin θ2 cos(ϕ1 − ϕ2) + cos θ1 cos θ2], where the
Majorana stars Sˆk have respective spherical coordinates
(θk, ϕk), k ∈ {1, 2}. This distance can be interpreted as a
direct measure of entanglement between two qubits in the
symmetrized-state representation of the qutrit [14, 15].
Explicitly, any spin-1 state - and, by the identification
above, any qutrit state Eq. (7) - can be represented as
a symmetric combination of two spin-1/2 (qubit) states
|ψk〉 = cos(θk/2)|1/2, 1/2〉 + sin(θk/2)eiϕk |1/2,−1/2〉
(with k = 1, 2), as
|Ψ〉 = 1√
2[1 + cos2(η/2)]
∑
σ
|ψσ(1)〉 ⊗ |ψσ(2)〉 (8)
3where σ are permutations of the indices k. Using the def-
initions above, the Majorana stars of this state coincides
with the two points with spherical coordinates (θk, ϕk),
representing the two qubits in the standard Bloch repre-
sentation.
It follows immediately that the concurrence between
the two qubits is measured by the angle between the Ma-
jorana stars,
C|Ψ〉 =
sin2(η/2)
1 + cos2(η/2)
, (9)
which is obtained by applying Wooters’ formula [37].
Majorana representation is complete and unique up
to a global phase. Given a qutrit state |Ψ〉, one can
always find a pair of points representing the state on the
Majorana sphere. Alternatively, corresponding to any
arbitrary pair of points on the Majorana sphere, one can
construct a unique |Ψ〉 in the three-dimensional Hilbert
space of a qutrit.
To obtain a complete representation of the operators
acting on the qutrit Hilbert space we employ the set of
eight Gell-Mann matrices (also called lambda matrices),
which form a representation of the generators of the Lie
algebra associated with the group SU(3), where
Λ1 =
 0 1 01 0 0
0 0 0
 , Λ4 =
 0 0 10 0 0
1 0 0
 , Λ6 =
 0 0 00 0 1
0 1 0
 ,
Λ2 =
 0 −i 0i 0 0
0 0 0
 , Λ5 =
 0 0 −i0 0 0
i 0 0
 , Λ7 =
 0 0 00 0 −i
0 i 0
 ,
Λ3 =
 1 0 00 −1 0
0 0 0
 , Λ8 = 1√
3
 1 0 00 1 0
0 0 −2
 . (10)
These elements Ti = Λi/2, along with the 3× 3 identity
matrix (I3×3), generate various unitary transformations
of a qutrit.
Further, we consider the x, y, z-components Jx, Jy, Jz
of the angular momentum operator, given by Jx = (Λ1 +
Λ6)/
√
2, Jy = (Λ2 + Λ7)/
√
2, and Jz = (Λ3 +
√
3Λ8)/2.
The average of the spin-1 vector J expressed in terms
of the expectation values (〈Ji〉 = 〈Ψ|Jk|Ψ〉) of Jk (k ∈
{x, y, z}) in state (|Ψ〉) is given by
J = 〈Jx〉eˆx + 〈Jy〉eˆy + 〈Jz〉eˆz, (11)
which is a vector on the Majorana sphere [8] with mag-
nitude
|J| = 2 cos(η/2)
1 + cos2(η/2)
, (12)
and direction given by the bisector of angle η. Inter-
estingly, η is the distance between the Majorana stars,
and thus it follows that |J| is manifestly invariant under
rotations generated by Jx, Jy, Jz.
We now show that there is a deeper connection between
the average of the angular and the entanglement prop-
erties in the symmetrized state representation of spin 1.
Starting from Eq. (8), we take the partial trace of the
total density matrix |Ψ〉〈Ψ| over one of the spin-1/2. The
resulting reduced density matrix ρ does not depend on
which spin-1/2 we traced out, and it reads
ρ =
I2
2
+
1
2
rσ, (13)
where
r =
1
1 + cos2(η/2)
(Sˆ1 + Sˆ2). (14)
We see that the vector r which parametrizes the reduced
density matrix can be obtained, up to a normalization
factor, by the vectorial addition of the Majorana vectors.
We can now calculate immediately the average of the to-
tal angular momentum. Since this is a sum of the angular
momenta σ/2 of each of the two qubits, we get
〈J〉 = Tr(ρσ) = r. (15)
Thus, the average vector angular momentum is given by
the vector r which parametrizes the reduced density ma-
trix. The length of this vector can be obtained from Eq.
(14)
|r| = 2 cos(η/2)
1 + cos2(η/2)
, (16)
and clearly coincides with the result Eq. (12). The purity
of the reduced state 1−Tr(ρ2) = 1/2−|r|2/2 can be used
to calculate the concurrence C|Ψ〉 =
√
2[1− Tr(ρ2)],
with the result C|Ψ〉 = sin2(η/2)/[1 + cos2(η/2)], iden-
tical with the one calculated above in Eq. (9).
Next, we closely follow the dynamics of the Majo-
rana stars and its corresponding spin-1 average vector, as
our single qutrit pure state undergoes unitary evolution
generated by STIRAP and superadiabatic(sa)-STIRAP
Hamiltonians.
III. STIRAP
The Stimulated Raman Adiabatic Passage (STIRAP)
is a fundamental quantum mechanical process for trans-
ferring population between the single-qutrit ground state
|0〉 and the second excited state |2〉 without populating
the intermediate state |1〉. This is achieved via a counter-
intuitive sequence [22, 23], whereby the driving between
levels |1〉 − |2〉 commences prior to that of |0〉 − |1〉. For
example, consider a transmon driven by two microwave
fields with time-dependent amplitudes Ω01(t) and Ω12(t),
phases φ01 and φ12, and driving frequencies ω
(Ω)
01 and
ω
(Ω)
12 , coupling the levels |0〉−|1〉 and |1〉−|2〉 respectively
[38]. These microwave fields may be slightly detuned
4from the respective transmon transition frequencies ω01
and ω12 by δ01 and δ12 respectively. Then, under the
rotating wave approximation, the effective Hamiltonian
governing STIRAP is given by [24]
H0 =
~
2
Ω01(t) [cos(φ01)Λ1 + sin(φ01)Λ2]
+
~
2
Ω12(t) [cos(φ12)Λ6 + sin(φ12)Λ7]
− ~
2
[
δ01Λ3 +
δ01 + 2δ12√
3
Λ8 − 2δ01 + δ12
3
I3
]
.(17)
The time-varying amplitudes of the microwave drives
are chosen of Gaussian form in time-domain, with the
same standard deviation σ – and therefore the same
width. They are separated in time by an amount ts,
which, when negative, leads to the counterintuitive se-
quence. The corresponding Rabi couplings read
Ω01(t) = Ω01e
−t2/2σ2 and Ω12(t) = Ω12e−(t−ts)
2/2σ2 .
An adiabatic evolution is ideally infinitely slow and would
require the system to be in an eigenstate of the instan-
taneous Hamiltonian at all times. At the two-photon
resonance condition (i.e. δ01 = −δ12), the eigenvectors of
H0 are given by
|+〉 = sin Φ sin Θ|0〉+ sin Φ cos Θ|2〉+ cos Φ|1〉,
|−〉 = cos Φ sin Θ|0〉+ cos Φ cos Θ|2〉 − sin Φ|1〉,
|D〉 = cos Θ|0〉 − sin Θ|2〉, (18)
with eigenvalues ω± = δ01±
√
δ201 + Ω
2
01 + Ω
2
12 and ωD =
0 respectively. Here the angles Θ and Φ are given by
tan Θ =
Ω01(t)
Ω12(t)
, (19)
tan Φ =
√
(Ω201 + Ω
2
12)/2√
(Ω201 + Ω
2
12 + δ
2
01)/2 + δ01/
√
2
. (20)
A convenient choice for the state to be followed adiabat-
ically is the dark state |D〉, which does not contain any
component from the intermediate level |1〉. Interestingly,
|D〉 is the same as the single-qutrit canonical state [8],
up to a change of variables Θ→ Θ− pi/2. The canonical
state is a single-parameter state which spans the entire
qutrit Hilbert space under SO(3) rotations generated by
Jx, Jy, and Jz.
These unitary operations rotate the Majorana stars
like a rigid body in three-dimensional real space(R3) [8];
thus, any qutrit state can be parametrized with one pa-
rameter from the canonical state and three parameters
from the three rotations.
Under adiabatic evolution, as a consequence of the adi-
abatic theorem [39], the system remains in the state |D〉
at all times. In order to transfer the population from |0〉
to |2〉, one can initialize the system in a state correspond-
ing to Θ = 0 at t = ti, which eventually transforms into
Θ = pi/2 at t = tf , with total duration of the sequence
(a)
(b)
(c)
Ω01(t)
Ω12 (t)
-100 -50 0 50
0
10
20
Θ(t)
-100 -50 0 50
0
π
4
π
2
p0 (t)
p2 (t)
-100 -50 0 50
0
0.5
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FIG. 1. (a) Variation of the amplitudes of the driving mi-
crowave fields with time, (b) corresponding variation of Θ
and (c) the probabilities p0 = cos
2 Θ and p2 = sin
2 Θ, plotted
at true time scales.
being T = tf − ti, with ti = −110 ns and tf = 80 ns as
shown in Fig. 1. The Gaussian pulse profiles Ω01(t) and
Ω12(t) are shown in Fig. 1(a) for ts = −30 ns, σ = 20 ns,
Ω01 = Ω12 = 2pi × 25.5 MHz. The corresponding varia-
tion of Θ from 0 to pi/2 is clearly reflected from Fig. 1(b),
and the probabilities of occupation of the energy levels in
terms of the squares of the absolute values of the coeffi-
cients, p0(t) = cos
2 Θ(t) and p2(t) = sin
2 Θ(t) are plotted
in Fig. 1(c). The rate of change of the populations is
p˙0(t) = −p˙2(t) = −Θ˙(t) sin [2Θ(t)] , (21)
which tends to zero as the mixing angle approaches its
extreme values Θ = 0 and pi/2. The rate of change of
populations attains its maximum value at t = T/2 =
(tf − ti)/2. A geometrical picture of this dynamics may
be obtained on the Majorana sphere, which is discussed
further in Section IV.
IV. MAJORANA REPRESENTATION OF THE
DARK STATE |D〉
Recalling that the dark state is |D〉 = cos Θ|0〉 −
sin Θ|2〉, the Majorana representation of |D〉 consists
of two stars S1(θ, pi) and S2(θ, 0), where θ = pi −
2 tan−1
√
cot Θ. These points lie in the xz-plane with
Cartesian co-ordinates (±xD, yD, zD), such that
xD =
√
2 sin 2Θ
cos Θ + sin Θ
,
yD = 0,
zD =
cos Θ− sin Θ
cos Θ + sin Θ
, (22)
5where Θ ∈ [0, pi/2].
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FIG. 2. A cross-section of the Majorana sphere in the plane
y = 0, which shows the Majorana representation of the dark
state |D〉 and its dynamics under STIRAP Hamiltonian. (a)
Majorana stars are labeled by S1(x1, y1, z1) and S2(x2, y2, z2)
with red circle and blue square respectively, such that −x1 =
x2 = xD, y1 = y2 = 0, and z1 = z2 = zD. (b) Trajectory
of both the points on the Majorana sphere as Θ varies from
0 to pi/2. (c) Variation in real time of the co-ordinates of
Majorana points S1(x1, yD, zD) and S2(x2, yD, zD) is plotted
as Θ changes from 0 to pi/2 as in Fig. 1(b).
Majorana stars representing |D〉 lie on the great circle
in the plane y = 0, with the same latitude θ. The angle
η formed by the vectors S1 and S2 is given by η = 2θ.
As Θ varies from 0 ≤ Θ ≤ pi/2, η assumes values from 0
to pi and then 0 again. Thus the two points S1 and S2 lie
all along the great circle in the plane y = 0 as shown in
Fig. 2(a). This readily leads to the fact that the dynam-
ics of |D〉 under the STIRAP Hamiltonian is confined to
the plane y = 0 on the Majorana sphere i.e. the lon-
gitudes remain unchanged while sweeping the latitudes
θ1 = θ2 = θ from 0 to pi, see Fig. 2(b). Under STIRAP,
both stars representing |D〉 on the Majorana sphere move
symmetrically with varying Θ, and any deviation from
this behaviour signals a loss of adiabaticity. The trajec-
tories of these Majorana stars in the co-ordinate space
under the action of STIRAP are shown in Fig. 2(c). The
trajectories are plotted in time with the same scales as
described in Section III.
The dark state can be also represented using sym-
metrized spin-1/2 states, as described in Section
II, in the form |D〉 = cos Θ|1/2, 1/2〉|1/2, 1/2〉 −
sin Θ|1/2,−1/2〉|1/2,−1/2〉. Thus, the resulting sym-
metrized dark state is manifestly in the Schmidt form
[37]. The concurrence is obtained as C|D〉 = sin 2Θ
and the r-parameter of the reduced density matrix is
r = cos 2Θ.
The Majorana representation of the spin-1 average vec-
tor in the dark state |D〉 is obtained using the bisector of
S1
S2
|J|
(a) STIRAP (b) H2ph, 0.5×∆
(c) H2ph, ∆ (d) H2ph, 2×∆
FIG. 3. Trajectories of the Majorana stars (in red and blue
colors) and the spin-1 vector (in black), as the qutrit, initial-
ized in state |0〉 evolves under (a) the STIRAP Hamiltonian
and (b),(c),(d) the two-photon drive (H2ph). Expected fi-
nal state of a qutrit is |2〉 – the South Pole of the Majorana
sphere. Majorana trajectories in (b), (c), (d) result from the
different detunings ∆/2, ∆, and 2∆ respectively of the two-
photon drive w.r.t. the respective single-photon drives, with
∆ = 225× 2piMHz.
angle η as shown with OO′ in Fig. 2(a), such that (see
also Eq.( 12))
J =
2OO′
1 + |OO′|2 . (23)
Following Eq (11), for the dark state |D〉: 〈Jx〉 = 0,
〈Jy〉 = 0, and 〈Jz〉 = cos 2Θ.
The magnitude of the spin-1 average vector is given by
J = |J| = cos 2Θ, which varies with time as
J˙ = 2Θ˙ sin 2Θ. (24)
This is twice the rate of change of populations 2p˙2(t) from
Eq.(21), which puts in evidence that the Majorana geo-
metrical picture reflects the rate of evolution of a quan-
tum state with time. Indeed, the co-ordinates of the Ma-
jorana stars vary slowly with time near the starting and
end points, and change significantly faster in between, as
expected for an adiabatic evolution.
V. SUPERADIABATIC(SA)-STIRAP
It is interesting to observe on the Majorana sphere
the dynamics of the quantum state under the combined
effect of STIRAP Hamiltonian and a counter-diabatic
drive. When acting together, this realizes the so-called
6superadiabatic(sa)-STIRAP. The counderdiabatic part
achieves the cancellation of spurious non-adiabatic exci-
tations, leading to the expected final state with high pre-
cision at finite times. The counterdiabatic term in case
of a three-level quantum system assumes a very simple
form [36],
Hcd = −~
2
Ω02(t) [cos(φ02)Λ4 + sin(φ02)Λ5] , (25)
where the Rabi coupling is Ω02(t) = 2Θ˙(t) and φ02 is the
phase of the |0〉 − |2〉 drive, such that φ01 + φ12 + φ02 =
pi/2. For φ02 = pi/2, the dynamics under Hcd is the uni-
tary exp
[
i~Λ5
∫ t
ti
Θ˙(t)dt
]
generated by Λ5, under which
both stars move together on the Majorana sphere. This
is experimentally realized by a two-photon resonance
pulse [36], which simultaneously drives the |0〉 − |1〉 and
|1〉 − |2〉 transitions with detunings ∓∆ respectively,
where ∆ = (ω1−ω2)/2. The Hamiltonian in the doubly-
rotating frame driven by tones with frequencies ω1 and
ω2 is given by
H2ph =
~
2
Ω2ph [cos(φ2ph −∆t)Λ1 − sin(φ2ph −∆t)Λ2]
+
~√
2
Ω2ph [cos(φ2ph + ∆t)Λ6 − sin(φ2ph + ∆t)Λ7] .
(26)
with the amplitude of the drive |Ω2ph| =
√√
2∆Ω02 and
phase φ2ph = −(φ20 + pi)/2.
A. Majorana trajectories under H0 and H2ph
We simulate the dynamics of a qutrit with transition
frequencies ω01/2pi = 5.27 GHZ and ω12/2pi = 4.82
GHz. This may be considered as a three-level sys-
tems with unequally spaced energy levels with energy
level spacings ω01 and ω12 and anharmonicity ω01 − ω12.
This system, initialized in the state |0〉, is driven res-
onantly by the STIRAP Hamiltonian with σ = 35 ns,
Ω01/2pi = Ω12/2pi = 45 MHz, ts/σ = −1.2, and it is
evolved from ti = −182 ns to tf = 140 ns in 1800 time
steps. The driving frequencies of the Gaussian pulses
are taken to be resonant to the respective qubit transi-
tion frequencies. We calculate the dynamics of a qutrit
and plot the corresponding trajectories on the Majorana
sphere as shown in Fig. 3(a). We see that STIRAP alone
is not working perfectly, with cusps appearing along the
trajectory, and as a result the final state misses the South
Pole. These are due to non-adiabatic transitions, and we
see that the Majorana representation is very sensitive
to these errors. For example, the final state in this fig-
ure has populations p0(tf ) = 0.010, p1(tf ) = 0.003, and
p2(tf ) = 0.987 on the states |0〉, |1〉, and |2〉 respectively,
yet the stars appear clearly distinct and separated from
the South Pole. This sensitivity is a general feature of
the Majorana representation, which will be visible in all
the following figures.
Next, with the same parameters for the Gaussian
pulses, we simulate the two-photon resonant drive H2ph
at different values of the detunings ∆. From Eq. (26)
we see that the constant part of the phase, φ2ph, shifts
the overall plane of the trajectory, while time-dependent
effects arise from ∆t. This produces a rapidly oscillat-
ing phase of the drive, yielding a wiggling trajectory on
the Majorana sphere as shown in Fig. 3(b)-(d). The fre-
quency of this wiggling is ∆/2pi, which, as expected, is
same as the frequency of the rotating frame. Thus, for
a system with larger (smaller) anharmonicity (ω1 − ω2),
or for a two-photon resonance pulse which is more (less)
detuned from the respective |0〉− |1〉 and |1〉− |2〉 transi-
tions, the rate of wiggling is higher (lower), as shown in
Fig. 3(b),(c),(d) for detunings ∆/2, ∆ and 2∆. Interest-
ingly, we observe wiggles also in the black curve repre-
senting the bisector. Unlike the case of Majorana sphere
trajectories (trajectories traversed by the Majorana stars
on the sphere), the rate of wiggling in this case relates to
the speed of the single-qutrit evolution, which in a given
time interval is directly proportional to the pitch of the
wiggling black line. Thus, we can observe visually that
the evolution is faster in the middle while slower close to
the initial and the target states. Further, the amplitude
of the wiggles in the trajectory is more pronounced in the
middle of the drive, when the first excited state |1〉 gets
populated. The amplitudes of the wiggles are largest in
Fig. 3(b), where the detuning of the two-photon drive is
relatively small and the system posses lesser anharmonic-
ity, which makes it more likely for the first excited state
to get populated. A reverse situation may be seen in
Fig. 3(d). Thus, this demonstrates visually the advan-
tage of using a system with large anharmonicity.
B. Dynamical phase corrections
The two-photon pulse is also responsible for produc-
ing ac-Stark shifts of the energy levels. These can be
compensated by using a dynamical phase corrections
[30, 34, 40]. The correction is applied to the phases
of the drives, such that φnk(t) = φnk +
∫ t
∞ nk(t)dt/~,
where n, k = 0, 1, 2 are the labels of energy levels and
nk(t) is the ac Stark shift resulting from the n− k drive
at a given time t. As shown in Ref. [30, 34], respec-
tive ac Starks shifts are given by 01(t) = ~|Ω2ph|2/∆,
12(t) = −5~|Ω2ph|2/4∆, and 02(t) = −~|Ω2ph|2/4∆.
The corresponding dynamic phase corrections are thus
given by
φ01(t) = φ01 + 2
√
2~Θ(t),
φ12(t) = φ12 − 5~√
2
Θ(t),
φ02(t) = φ02 − ~√
2
Θ(t). (27)
70 T/2 T
0
/2
0 T/2 T
0
0.5
1
S1
S2
|J|
S1
S2
|J|
(a) (b)
(c) (d)
P
o
p
u
la
ti
o
n
s
Pulse duration
D
is
ta
n
ce
(η
)
Pulse duration
|0〉
|1〉
|2〉
FIG. 4. (a) Majorana trajectories (in red and blue colors) re-
sulting from the two-photon drive with a constant phase φ2ph
as in Eq. 26. The dynamically phase-corrected Majorana tra-
jectories, with a time-dependent phase φ2ph(t), is shown in
(b). Plots in (c) and (d) present the corresponding variation
of distance between the Majorana stars and the evolution of
occupation probabilities with time. The dashed lines are un-
corrected values, while the continuous lines include the ac
Stark shift correction. Parameters: qubit transition frequen-
cies, ω01/2pi = 5.27 GHZ, ω12/2pi = 4.82 GHz, σ = 35 ns,
Ω01/2pi = Ω12/2pi = 45 MHz, ts/σ = −1.2, and the state is
evolved from ti = −182 ns to tf = 140 ns with T = tf − ti in
1800 time steps. Driving frequencies of the Gaussian pulses
is taken to be same as that of respective qubit transition fre-
quencies.
The trajectories on the Majorana sphere of a qutrit
driven by the two-photon resonant pulse H2ph and cor-
rected for the ac Stark shifts are shown in Fig. 4. We
simulate the Majorana trajectory with same parameters
of the two-photon resonance as used in Fig. 3(b) and plot
the trajectories under H2ph with and without the dynam-
ically corrected phases compensating the ac Stark shifts
in Fig.4(b) and (a) respectively. The relative distance η
between the Majorana points is shown in Fig. 4(c). As
expected, η first increases from 0 to pi and then decreases
from pi to lower values tending to approach 0 in the solid
black curve with ac Stark shift correction, performing
much better than that of the dashed curve which repre-
sents the distance without the dynamical phase correc-
tions. The corresponding variation in the populations of
the ground state (p0 in red color), first excited state (p1
in blue color) and the second excited state (p2 in black
color) are shown in Fig 4(d), where again solid lines rep-
resent the respective populations with the dynamically
modified phases while the dashed lines correspond to the
constant phase φnk. The advantage of the dynamic phase
correction is quite evident from the highly improved pop-
ulations as well as from the Majorana trajectories.
S1
S2
|J|Trajectory of
S1(x1, y1, z1)
Trajectory of
S2(x2, y2, z2)
Final state
Initial state
(a)
(b) t = 0.25× T (c) t = 0.50× T
(d) t = 0.75× T (e) t = T
FIG. 5. (a) Majorana trajectories in saSTIRAP, and (b)-(e)
their evolution at different moments of time. Parameters:
qutrit transition frequencies, ω01/2pi = 5.27 GHz, ω12/2pi =
4.82 GHz, σ = 35 ns, Ω01/2pi = Ω12/2pi = 45 MHz, ts/σ =
−1.2, state is evolved from ti = −182 ns to tf = 140 ns
in 1800 time steps. The driving frequencies of the Gaussian
pulses are the same as that of the respective qubit transition
frequencies.
C. Majorana trajectory under sa-STIRAP
We observe the single-qutrit dynamics under the sa-
STIRAP Hamiltonian,
HsaSTIRAP = H0 + H2ph, (28)
with the qutrit initialized in the dark state |D〉 with
Θ = 0. HsaSTIRAP preserves the robustness of the STI-
RAP Hamiltonian (H0), while concurrently has improved
performance due to super adiabatic part H2ph, and pre-
cisely returns the expected final state |D〉 with Θ = pi/2
in an experimentally feasible time. The correspond-
ing trajectory of the qutrit on the Majorana sphere is
presented in Fig. 5. The simulation is performed with
same set of parameters as before, as specified in the
8figure caption. Fig. 5(a) shows the full trajectories as
the qutrit initialized in |0〉 (North Pole of the Majorana
sphere) evolves under HsaSTIRAP and tends to approach
the second excited state |2〉 (South Pole of the Majorana
sphere). Fig. 5(b)-(e) present the same simulation at four
equally spaced values of time. As expected, the dynamics
of Majorana stars is slower close to the start and to the
end of the process and becomes faster in the middle.
D. STIRAP vs saSTIRAP
A thorough comparison between the STIRAP and sa-
STIRAP processes (with same parameters as in Fig. 5) is
carried out in Fig. 6. We start with the time-dependence
of the distance η between the Majorana stars of a qutrit
starting from |0〉 as it evolves under H0, H2ph and
HsaSTIRAP. The plots are shown in Fig. 6(a), where the
dashed red curve presents the variation of η under H0, the
black dot-dashed curve corresponds to H2ph, and the blue
continuous curve corresponds to the evolution under the
HsaSTIRAP Hamiltonian. The continuous blue curve of
saSTIRAP clearly gives the best result. For comparison,
we present with a grey continuous line an ideal saSTI-
RAP process, where the dark state is followed perfectly.
Further, we compare systematically the imperfections
resulting from practically feasible STIRAP and saSTI-
RAP drives w.r.t. an ideal adiabatic dynamics, which
strictly follows the dark state |D〉. At various values
of the time t we calculate the fidelity F (t) = |〈Ψ(t)|D〉|,
where |Ψ(t)〉 represents either the STIRAP or saSTIRAP
-evolved state at an arbitrary time t. The plots present-
ing the variation of fidelity F (t) are shown in Fig. 6(b). A
closer look at the fidelity curves reveal that, despite the
remaining small oscillations, the state under saSTIRAP
is closer to the dark state, while under STIRAP it is rela-
tively far from the desired behaviour. The oscillations of
fidelity seen in STIRAP coincide with the appearance of
cusp-like structures in the Majorana trajectories shown in
Fig. 3(a). The value of the spin vector |J| is another way
to characterize the two processes, as shown in Fig. 6(c).
Finally, the concurrence in the symmetrized state pic-
ture is obtained in 6(d). Corresponding to the dip in |J|
in the middle of the evolution, the concurrence develops
a peak. The two spin-1/2 particles become maximally
entangled, and as a result the partial density matrix is
almost maximally mixed I2/2 with the r-parameter close
to zero. Overall, we find that the Majorana represen-
tation is very sensitive towards the imperfections of the
processes, and as such can be used as a tool for evaluating
the errors in gates based on shortcuts to adiabaticity.
VI. CONCLUSIONS
We have investigated the Majorana representation of
the evolution under STIRAP and superadiabatic STI-
RAP. We have shown that the dark states are represented
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FIG. 6. Process characterization as a function of time. STI-
RAP is represented by red dotted lines, while saSTIRAP by
blue continuous lines. (a) Variation of the angle η during
STIRAP and saSTIRAP. In addition, the black continuous
line represents the two-photon process, while the thin grey
line shows a corresponding ideal adiabatic following of the
dark state. (b) Fidelity between the dark state |D〉 and the
time-evolved state of a qutrit |Ψ(t)〉, under STIRAP and sa-
STIRAP. (c) Magnitude of the average spin-1 vector for the
two processes, showing a dip to nearly zero. (d) Concurrence
in the symmetrized-state representation showing a peak to
nearly 1 in the middle.
by two stars on the circle defined by the intersection of
the xOz plane with the Majorana sphere. We have also
introduced a representation of the spin-1 average vector,
which evolves along the Oz axis, and we have shown how
its rate of change in the three-dimensional space is a mea-
sure of a state change of the qutrit in the Hilbert space.
The representation puts clearly in evidence the role of
the counterdiabatic drive in saSTIRAP that corrects the
deviations of the trajectory from the adiabatic path, and
as such it offers a sensitive visual diagnosis tool for errors
caused by non-adiabaticity and ac Stark shifts. We have
done an in-depth analysis of the Majorana trajectories
resulting from STIRAP and saSTIRAP with and with-
out the dynamically corrected phases used to compensate
9for the ac Stark shifts. We have also analyzed the effec-
tiveness of the STIRAP and saSTIRAP processes via the
distance between the Majorana stars.
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